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The energy spectrum of a one-electron quantum dot doped with a single magnetic ion is studied 
in the presence of an external magnetic field. The allowed cyclotron resonance (CR) transitions are 
obtained together with their oscillator strength (OS) as function of the magnetic field, the position 
of the magnetic ion, and the quantum dot confinement strength. With increasing magnetic field 
a ferromagnetic - antiferromagnetic transition is found that results in clear signatures in the CR 
absorption. It leads to discontinuities in the transition energies and the oscillator strengths and an 
increase of the number of allowed transitions. 
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I. INTRODUCTION. 

Twenty years after the pioneering studies^ on mag- 
netically doped quantum dots, both experimental and 
theoretical work on III-V and II- VI semiconductor 
systems and containing a low density of magnetic 
ions^''^ (Diluted Magnetic Semiconductors - DMS) 
have revealed a variety of remarkable new physical 
properties^'^'i'^'a'ia>ii>i^'i^>ii>i^>i^ as e.g. giant Zeeman 
splitting, spin splitting of exciton levels, magnetic po- 
larons, etc. Recent investigations of the optical prop- 
erties of II- VI manganese-doped quantum dots'^-'^'^ii^ 
have shown that they are promising new systems for e.g. 
qubits. The spin of the magnetic ion (Mn-ion) is used as 
a quantum bit and recent experiments have shown that 
in single Mn-doped one-electron quantum dots it is pos- 
sible to control the spin of the electron and of the mag- 
netic ionii. The characterization of single Mn-doped few- 
electron II- VI quantum dots is very important. Typically, 
one uses inter-band absorption experiments. Here, we 
will investigate intra-band transitions and show that as 
function of the magnetic field new features appear when 
a magnetic ion is present which depend on the position 
of the Mn ion inside the quantum dot (QD). 

Studies on strongly interacting electrons that are 
confined in a quantum dot and interacting with a 
single magnetic ion have been mostly limited to the 
experimental^^ and theoretical stud y^^d'^d^d^ of the 
ground state and the thermodynamic properties of dots 
containing a small number of electrons. 

Cyclotron resonance (CR) has been an important ex- 
perimental technique to investigate the properties of elec- 
trons (and holes). The advantage is that CR transitions 
involve only one type of carriers (electrons or holes) facil- 
itating the interpretation of the results. CR is also often 
used to obtain information on the effective mass of the 
carriers. 

Cyclotron resonance has been studied in bulk 
semiconductors^^ and later on also in semiconduc- 
tor quantum dot&i^i^i^ where it was shown that in 
parabolic confined quantum dots Kohn's theorem still 
holds and thus the CR-transitions are independent of 
the number of electrons. The latter is no longer true 



if the confinement potential is non-parabolioi^ or when 
the carriers obey a non-parabolic energy spectrum. 

Very recentlyi-^, the intra-band optical properties of a 
three-dimensional (3D) single-electron CdTe/ZnTe quan- 
tum dot containing one or two Mn impurities confined 
by a potential that is parabolic in the xy-plane and has 
the quantum-well confinement along the z-axis was in- 
vestigated. New absorption lines (mixing with the lines 
to higher excited levels for quantum-well system - as for 
example see Ref for studies of CR in quantum well sys- 
tem without a Mn-ion) were predicted as well as crossings 
and anti-crossings of allowed CR transitions as function 
of an external magnetic field. 

In the present paper we calculate the single-particle 
states of a quasi-two-dimensional parabolic quantum dot 
in the presence of a single Mn-ion and an external per- 
pendicular magnetic field. We investigate the allowed cy- 
clotron resonance transitions and their corresponding os- 
cillator strength. We have in mind experimental realized 
systems [i.e. Cd(Mn)Te] where the lateral size is much 
larger than the height of the quantum dot and conse- 
quently the system behaves like a quasi-two-dimensional 
quantum dot. As in Ref.— we find new resonant transi- 
tions due to the electron-magnetic ion (e-Mn) spin-spin 
exchange interaction but we also investigate these tran- 
sitions as function of the position of the Mn-ion in the 
quantum dot. We find crossing and anti-crossing fea- 
tures that depend on the position of the magnetic ion in 
the quantum dot and on the strength of the confinement 
potential. We will focus on the allowed transitions and 
concentrate on the new CR lines that become possible 
due to the presence of the Mn-ion. Due to the presence of 
the Mn-ion the electron spin will not always be parallel to 
the external magnetic field. It will together with the Mn- 
ion define two kinds of relative orientation of their spins 
called ferromagnetic (FM) and antiferromagnetic ( AFM) . 
The FM-AFM transition can be influenced by changing 
the exchange interaction parameters which we will real- 
ize by moving the magnetic ion to different positions. We 
show that this can change the position and the number 
of crossing and anti-crossing points and consequently in- 
fluence the CR lines. We find that the CR transitions 
now contain information not only on the electron state 
but also on the magnetic-ion-electron interaction and the 
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magnetic state of the magnetic ion. Because of the rich 
physics involved we will limit our discussion here to the 
fundamental single-electron quantum dot case. 

This paper is organized as follows. Section II intro- 
duces the model and the numerical method. In section 
III we present our numerical results for the energy spec- 
trum. Sect. IV is devoted to the cyclotron resonance 
transitions where we calculate the oscillator strength and 
the allowed transition energy spectrum. Our discussion 
and conclusions are presented in Sect. V. 



II. THEORETICAL MODEL 

A quantum dot containing a single electron with spin 
~? confined by a parabolic potential and interacting with 
a single magnetic ion (Mn^+) with spin M and a mag- 
netic field is described by the following Hamiltonian: 




-I- -hojc {gem*s^ + gMnm*M^) 

- Jc~7 -MSCr -li). (1) 

The first two terms are, respectively, the single-particle 
kinetic energy and the confinement potential for the elec- 
tron. The third and the fourth terms are the electron 
and magnetic ion Zeeman energies, respectively. The 
last term is the electron- Mn spin-spin exchange inter- 
action with strength J^. The vector potential is taken 
in the symmetric gauge: A — B/2{~y,x,0) where the 
magnetic field B is perpendicular to the plane of the 
interface. The confinement frequency luq defines the con- 
finement length: = \/h/m*uiQ. ge and gMn are the 
Lande g-factor of the host semiconductor and the mag- 
netic ion, respectively. We introduce a dimensionless pa- 
rameter Sc = {o-*b/^o)^ called the confinement strength 
(square comes from the fact that wq ~ l/^o)- In. a many- 
electron system Sc is: Sc = with Ac — lo/ag the 
Coulomb interaction strengtbi^. a*g — ATrcoeh'^ /m*e^ is 
the effective Bohr radius. The cyclotron frequency is: 
ojc = eB/m*. We use the set of parametersi^t that is 
applicable to a self-assembled Cd(Mn)Te quantum dot 
with a typical lateral size of about tens of nanome- 
ters. The dielectric constant e = 10.6, effective mass 
m* = 0.106mo, a*^ = 52.9 1, ge = -1.67, gM,i = 2.02, 

Jc = 1.5 X lO'^meVA^ , and Iq about tens of angstroms 
{hujQ corresponding to tens of meV). For example, with 
hujo = 51.32 meV gives Iq = 26.45 A and corresponds 
to Sc = 4; hujQ = 12.83 meV gives Iq = 52.9 A and 
corresponds to Sc = 1- 

We use the single-particle states in a parabolic confine- 
ment potential namely the complete basis of Fock-Darwin 
(FD) orbitals (pni (~^) and spin functions Xa {~s). 

<Pnia{~r,^)^ipni{~r)xa{~s), (2) 



with the Fock-Darwin orbitals: 

(3) 

The single-particle (spin a) Fock-Darwin orbital en- 
ergy in the presence of a magnetic field at site i = {n, V\ 
is given by: 

E,^, = hujHi'in + 1^1 + 1) - nw,ll2, (4) 

with ujh = ojQ a/1 -|- {ijJc/2ujqY that can also be expressed 
in terms of a new length loh = h/m*l'j^. 

We now can rewrite the Hamiltonian in second- 
quantized form: 

-ff = ^ i^i,<TC^^Ci,cr + ^fiWc (5eW*Sz + gMnm* M^.) 

- E l-^^J (^) [«tCjM - 

+ 4,^(^UM- +c+^c,.^^M+], (5) 

where i denotes a set of quantum numbers {n, I}. L^, Sz, 
and Mz are the projections of the angular momentum 
of the electron, its spin, and spin of the magnetic ion in 
the direction of the magnetic field, respectively. M^, M"*", 
and M~ are the z-projection, raising and lowering oper- 
ators of the magnetic ion spin, respectively. The e-Mn 
interaction appearing in this form describes the conser- 
vation of the electron spin in the e-Mn interaction of e.g. 
two configurations i and j in the first term and the spin 
exchange of these configurations by flipping the electron's 
spin at one site along with a compensation by flipping the 
Mn-ion spin at the other site, and vice versa, in the last 
two terms. This interaction parameter is: 

M~R) = Je^*{R)^,{R) (6) 

a product of the two Fock-Darwin orbitals of states i and 
j calculated at the position of the magnetic ion Rmti- 

We construct the many-particle wave function using 
the configuration interaction (CI) method: 

*(?,m) =^Cfc*fcp,M) , (7) 

where x* is the radial and spin coordinate of the electron 
and is the fc-th state of the non-interacting many- 
electron wave function (in this case for one-electron) de- 
termined by: 

vI/fe^|fc) = |c+(^))|M,^). (8) 

runs through six states: 5/2, 3/2, ... -5/2. The 
number of configurations, Nc = 12Ns with Ng the num- 
ber of orbitals that are included and is taken sufficient 
large in order to guarantee sufficient accuracy. 
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FIG. 1: (Color online) Phase diagram flc — Rmu plotted for 
three different confinement strengths Sc- The region below 
(above) the line corresponds each time to the ferromagnetic 
(antiferromagnetic) phase, respectively. 



III. ENERGY SPECTRUM 

The presence of the magnetic ion leads to different ar- 
rangements of the spins of the electron and the magnetic 
ion depending on the strength of the magnetic field. This 
is due to the interplay between on the one hand the con- 
tributions of the Zeeman energies of the electron and the 
magnetic ion and on the other hand the exchange inter- 
action, both depend on the magnetic field. Two different 
arrangements of the spins of the electron and the Mn-ion 
are possible: ferromagnetic and antiferromagnetic. The 
ferromagnetic arrangement is found for very small mag- 
netic field when the exchange energy dominates over the 
Zeeman energy terms. In the reverse case the AFM ar- 
rangement of electron and magnetic ion spins is found. 
As illustrated in Fig. [Jl the ferromagnetic - antiferro- 
magnetic (FM-AFM) phase transition line depends also 
on the position of the magnetic ion. Note that in nonzero 
magnetic field, the magnetic ion is always antiparallel to 
the magnetic field due to the positive value of its g-factor. 

When the magnetic ion is located at the center of the 
dot the FM-AFM transition occurs at the same magnetic 
field for any value of the confinement strength as is made 
clear in Fig. [TJ The e-Mn exchange energy is maximal for 
a Mn-ion situated in the center of the quantum dot. Note 
that in one-electron system, the electron density is maxi- 
mum at the center of the dot and the electron is found in 
the s shell where the Jc matrix element is also found to 
be maximum at the center of the dot. Moving the Mn- 
ion out of the center of the quantum dot will decrease 
this e-Mn exchange interaction. The electron probability 
at the Mn-ion is now a strong function of the confine- 



ment strength. With decreasing e-Mn exchange energy 
(i.e. by moving the Mn-ion out the center of the QD or 
increasing the confinement) a smaller external magnetic 
field is needed to induce the FM-AFM transition, as can 
be seen from Fig. [TJ 

In the presence of the exchange energy term in Eq. 
^ the ground state (GS) consists of contributions from 
different configurations of {sztM^)- The electron is still 
found in the s shell even at very high magnetic field. 
Unlike the system without a magnetic ion where the spin 
of the electron always orients parallel to the magnetic 
field, the system containing a magnetic ion has a wave 
function containing contributions from states where the 
electron is antiparallel to the magnetic field. This leads 
to an attraction to the magnetic ion and reduces the total 
energy. 

When a magnetic ion is placed inside the quantum dot 
the energy spectrum is modified to the one given in Fig. [5] 
which shows the results in the case the Mn-ion is situated 
at the center [Fig.dja)] and at (0.5Zo,0) [Fig.[i;b)] inside 
the quantum dot. Note that now each B = Q energy 
level is split into many different levels having different 
Zeeman splitting. There are also many more crossings 
and anti-crossings and periodic opening of energy gaps in 
the spectra. The position and the number of energy gaps, 
and consequently the crossing and anti-crossing points, 
depend on the position of the magnetic ion as can be seen 
in Fig. [5] in particular the regions inside the blue boxes. 
We explicitly refer to energy levels 85 [Fig. [DJa)] and 
97 [Fig. [UJb)] to highlight the differences in the energy 
spectrum. When changing the position of the Mn-ion 
we find that some of the crossing points turn into anti- 
crossing points and at some of the anti-crossings the size 
of the energy gap increases. That will be shown and 
discussed in the following section. 

The B = Q ground state level is split into 12 lev- 
els because it is composed of = ±1/2 and AI^ — 
±5/2, ±3/2, ±1/2 spin states. The next 5 = level is 
the p-electron state and because the electron orbital mo- 
mentum is 1 this level splits into 24 levels. Note that 
for small magnetic fields, the states whose wave func- 
tion have the (0, 1) or the (0, —1) Fock-Darwin states as 
their largest contribution stay lower in energy as com- 
pared to e.g. the states whose wave function have (0, 2) 
or (1,0) etc as the largest contribution. However, as the 
magnetic field increases, there are changes in relative po- 
sition of the energy levels, i.e. whose wave function has 
(0, —1) as the largest contribution will now be higher in 
energy than e.g. the state which has (0, 2) as the major 
contributing Fock-Darwin state. 

The presence of the magnetic ion leads to a mixing 
of the Fock-Darwin orbitals for the different eigenstates 
in contrast to the quantum dot without a magnetic ion 
where those Fock-Darwin orbitals are the eigenstates of 
the dot. We show in Fig. [3] the contribution of the differ- 
ent Fock-Darwin states to the wave function of the GS for 
two different values of the magnetic field: fie — 0.31, 0.36. 
Nc configurations that were defined in Sec. II are the x- 
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FIG. 2: (Color online) First 120 levels of the energy spectrum of a single-electron quantum dot with the magnetic ion located 
at the center (a) and at (0.5/o,0) (b) of the QD for confinement strength Sc ~ 4. The colors that match the corresponding 
energy levels are kept the same in the two plots. The blue dash-dotted boxes highlight the regions where both figures exhibit 
the largest difference. 
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FIG. 3: (Color online) Contributions to the ground-state wave 
function from the different Fock-Darwin wave functions (x- 
axis) in case of the quantum dot of Fig. [2ja) for two different 
magnetic fields: = 0.31 (FM) and fie = 0.36 (AFM). 



axis. The configurations that contribute more than 1% 
are indicated by four quantum numbers (n, I, Sz, Mz). At 
Oc = 0.31 where the system is in the FM phase, the 
GS wave function has the Fock-Darwin state (0,0,-1/2,- 



5/2) as the largest contribution while at AFM magnetic 
field = 0.36 the two states (0,0,-1/2,-3/2) and 
(0, 0, 1/2, —5/2) give the dominant contribution. 



IV. CYCLOTRON TRANSITIONS AND 
OSCILLATOR STRENGTH 

In a cyclotron resonance experiment, an electron in 
quantum state i — {n, I) with energy Ei is excited to a 
higher energy state Ej [j = {n' , I')] with transition am- 
plitude Aij , the associated oscillator strength for circular 
polarized light isi^: 



2AE,j \A, 



H 



/2 



where 



=< ^,{x*,M)\re^''\^j{x\M) > 



(9) 



(10) 



AEij = Ej — Ei is the transition energy. It is clear that 
the state of the magnetic ion is not altered during such 
a transition. The electron transition fulfills the selection 
rules: M = V - I = ±1; As^ = 0; and AM^ = 0. 
A general form for the wave function of state i is: 
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(11) 
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FIG. 4; (Color online) First 20 levels (up to the /-shell) of 
the energy spectrum of a one-electron quantum dot without a 
magnetic ion. The inset is a zoom of the region 2.6 < fie < 4.4 
that clarifies the CR-transitions of the electron from the GS 
(0, 0, 1/2) to either of (0, 1, 1/2) and (0, -1, 1/2) with oscilla- 
tor strengths /12 (blue) and /13 (red), respectively. The en- 
ergy levels are indicated by their quantum numbers (n, I, Sz). 
The allowed transitions are indicated by the blue and red ar- 
row. 
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FIG. 6: (Color online) Oscillator strength of the allowed elec- 
tron transitions at various magnetic fields of the same mag- 
netic quantum dot as plotted in Fig. [5] I, II, III, and IV 
indicate the four branches of the OS curve as ilc > 0.32. 



where 4'iQ,(a;*, M) is the single-electron Fock-Darwin so- 
lution in the presence of the magnetic ion defined via Eq. 
([8]). Now we calculate Aij by integrating Eq. over 
~F*. The final expression for Aij can be written as: 



(12) 



where 
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FIG. 5: (Color online) (a) Low energy spectrum where some 
of the allowed transitions are indicated by arrows around the 
magnetic fields Q.c = 0.31 and 0.36. The corresponding oscil- 
lator strengths of these transitions are shown in (b) and (c). 
The magnetic impurity is located at the center of the dot and 
the confinement strength Sc ~ 4. The blue dash-dotted line 
at Qc ~ 0.32 indicates the ground-state FM-AFM transition. 



(13) 



is the transition amplitude element identical to Eq. (18) 
of Ref.^^. The transition amplitude (fT2|) is a sum over 
all possible transition amplitudes of the respective single 
states a and (3. 

To simplify the subsequent discussion we show in Fig. [4] 
first the results for the case when no magnetic ion is 
present. The selection rule allowed transitions (i.e. An = 
0, = ±1) are indicated by the vertical arrows which 
are transitions from the ground state (0, 0) to the p-shell 
(0, 1) (p+) and (0, —1) {p~) with the respective oscillator 
strengths /12 (blue) and /13 (red). As we can see from 
this figure, with increasing the magnetic field, the states 
with positive / have lower transition energy as compared 
to the negative /. This is illustrated by the blue and 
red arrows in Fig. |4l From this figure, for the magnetic 
field range fie < 3.22, /12 corresponds to the transition 
of the electron from the ground state to the third state 
(level 1^3) while the other transition /13 corresponds 
to the transition of the electron from the ground-state 
level to the fifth, and then seventh, and then ninth, and 
then eleventh, and then thirteenth level. Note that in 
the limit of f2c — > 00, /12 0. 
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FIG. 7: (Color online) Low-level energy spectrum of the same 
quantum dot as in Fig. [5] is plotted from the thirteenth to 
thirty-sixth levels to indicate the final states of the electron 
transition. The black arrows indicate the specific energy levels 
as the final state of the transition. The final states shift follow- 
ing the arrows as the magnetic field increases. The numbers: 
13, 25, and 36 are the levels' numbers of the edge of subparts 
of the spectrum. 



In the presence of the magnetic ion, due to the ferro- 
magnetic (at very small magnetic field) and antiferromag- 
netic (at larger magnetic field) coupling of the electron 
with the magnetic ion, the energy spectrum splits into 
many energy levels (see Fig. [2]) and no simple selection 
rules hold. The CR spectrum now consists of many more 
peaks. 

We first discuss in detail the electron transition for 
the case the magnetic ion is located at the center of the 
quantum dot {Run — (0, 0)] for magnetic fields fie — 0.31 
(ferromagnetic phase) and fie = 0.36 (antiferromagnetic 
phase - as can be seen from Fig. [1]). We found two al- 
lowed transitions as seen in Fig. [5] for Oj, = 0.31 with 
their respective resonant frequencies. Remember that at 
this magnetic field (within the region fic < 0.32), the sys- 
tem is in the ferromagnetic phase where the electron and 
the magnetic ion are both anti-parallel to the magnetic 
field. The transitions from the ground state (level num- 
ber 1) where the electron is mostly in the s orbital, to 
the state whose wave function has the orbital (0, 1) as the 
largest Fock-Darwin contribution corresponding to the 
black line; and to the state whose wave function has the 
orbital (0, —1) as the largest contribution corresponding 
to the red line, respectively. The resonances are found for 
transitions to the fourteenth and the twenty-sixth level. 
The corresponding result for the antiferromagnetic phase 
are shown in Fig. Wis) fo^' = 0.36. Notice that now 
we have four possible transitions with oscillator strength 
larger than 1% instead of two in previous case. This is in 
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FIG. 8: (Color online) Transition energy for the same quan- 
tum dot as plotted in Fig. |6] with four branches I, II, III, and 
IV corresponding to the four branches in the OS curve. Blue 
curves are the transition energy in the absence of a magnetic 
ion. The inset is a zoom around the FM-AFM transition 
magnetic field. 



agreement with the effect found in Ref,^^ These four tran- 
sitions correspond to the excitations of the electron from 
the ground state to the energy levels: thirteenth (blue 
square), sixteenth (cyan rhombus), twenty-fifth (orange 
triangle) and twenty-eighth (pink circle). The first two: 
blue square and cyan rhombus belong to the transition 
of the electron from the s ground state to the p+ state 
(with positive angular momentum); while the other two 
belong to the other transition of the electron to the 
state (with negative angular momentum). The origin of 
this difference as compared to the case for fie = 0.31 
can also be explained by looking at the GS wave func- 
tion contributions of the Fock-Darwin states as shown in 
Fig. El 

From Fig. [6] we find that the main transitions come 
from transitions to the two p-orbitals. The oscillator 
strength exhibits a discontinuity at fie = 0.32 where 
the FM-AFM transition takes place. The wave func- 
tion of the ground state changes from favoring the con- 
figurations with electron spin down to the configura- 
tions with electron spin up as can be seen from Fig. [3l 
As the magnetic field increases from i7c ~ 0.31 where 
the system is in the FM phase to Sic — 0.36 where 
the system is in the AFM phase, the largest Fock- 
Darwin contribution to the GS wave function goes from 
in,l,s,,M,) = (0,0,-1/2,-5/2) to (0,0,-1/2,-3/2) 
and (0, 0, 1/2, —5/2). Consequently, the final state of the 
electron transition shifts. We will clarify this point in 
Fig. [7] by using the black arrows to direct the attention of 
the reader to the final states for the transitions of the elec- 
tron. For example, for Oc < 0.32, the nonzero resonances 
are the lines from the ground state to the fourteenth and 
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FIG. 9: (Color online) Oscillator strength with two zooms 
around ilc = 0.71 (a) and fic ~ 1.15 (b) and transition en- 
ergy (c) with a zoom around Q,c ~ 2.12 (d) for the same quan- 
tum dot as plotted in Fig. [6] but the magnetic ion located at 
(0.5Zo,0). I, II, III, and IV indicate the four branches when 
Qc > 0.25 in the OS and the corresponding transition ener- 
gies. 
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the twenty-sixth levels. When the system transits to the 
AFM phase, the number of resonance lines increases from 
two to fom'. In the region 0.32 < < 0.62, the transi- 
tions arc to the thirteenth and sixteenth level; the twenty- 
fifth and twenty-eighth; and the main contributions are 
the lines to the thirteenth and the twenty-fifth, etc. This 
is explained as follows. For the FM magnetic field range 
51c < 0.32, the electron and the Mn-ion both are antipar- 
allel to the magnetic field and Sz + = —3 with the 
configuration of (rt = 0, / = 0, = -1/2, = -5/2) 
having the probability almost unity. This is due to the 
fact that the commutator of the z-component of the total 
spin commutes with the Hamiltonian, [sz + M^, H] = Q. 
Beyond this magnetic field region, fie > 0.32, the electron 
and the Mn-ion are antiparallel and since the Zeeman 
(spin) part of the Mn-ion is always larger than the elec- 
tron's and the exchange energy becomes the smallest one 
among these three competing energies there are two con- 
figurations (0,0,1/2,-5/2) and (0,0,-1/2,-3/2) with 
Sz + Mz = — 2 of the GS wave function as the main con- 
tributions. It is obvious that the exchange energy now 
has the largest contribution coming from the second term 
[corresponding to configuration (0, 0, 1/2, —5/2)] and the 
second largest from the last term [corresponding to con- 
figuration (0,0,-1/2,-3/2)] in the last sum in Eq. 
As the system is in the AFM, the final states of the 
major parts in the OS that are the branches I and 
II in Fig. [5] and the corresponding transition energies 
in Fig. [5] have wave functions that are the FD states 



FIG. 10; (Color online) Zoom of the low-level spectrum of 
Fig. [2] for the cases the magnetic ion is located at the center 
and at (0.5Zo,0) in the quantum dot. The black arrows in- 
dicate how the final state moves with magnetic field for the 
lowest energy CR transition. 



(0,-1,1/2,-5/2) and (0,1,1/2,-5/2), respectively, as 
the major contributions. The other two transitions (III 
and IV) come from the spin-spin exchange interactions 
corresponding to the final states that have wave functions 
containing FD states, respectively, (0,-1,-1/2,-3/2) 
and (0,1,-1/2,-3/2) as their major contributions. In 
general, the largest one among all the small contribu- 
tions can reach to about 5 10% of the total OS. With 
increasing magnetic field, these smaller contributions to 
the OS decrease to zero. 

The oscillator strength for the case the magnetic ion 
is located at the center of the dot samples the central 
region of the quantum dot. In this situation the mag- 
netic ion does not interact with the p-orbitals. The four 
branches in the OS (Fig.[S]) and transition energy (Fig. [5]) 
in the AFM phase are smooth with respect to magnetic 
field. With moving the Mn-ion to other positions away 
from the center of the dot gives rise to the interactions 
of the Mn-ion with the p-orbitals and this is expected to 
change the OS by the changes in the two main branches 
(I and II in Figs. [S] and [5]). The infiuence of the posi- 
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FIG. 11: (Color online) Transition energy for the quantum 
dot with the magnetic ion located at (0.5/o,0) and for three 
different values of Sc- I, II , III, and IV indicate the four [two 
in (a)] main branches when the system is in the AFM phase. 
The transition energy is scaled by the ratio of Sc to Sc = 4. 



tion of the magnetic ion on the CR-transitions is shown 
in Fig. [5] for the case the Mn-ion is located e.g. at 
(0.5^0,0). First of all, notice a discontinuity of the os- 
cillator strength at fl^ ~ 0.25 which corresponds to the 
FM-AFM transition. Second, we find an unusual behav- 
ior at = 2.12 where the lower curve exhibits a crossing. 
Which is a consequence of the existence of an energy gap 
between the fourth and the fifth levels at fie = 2.12 as is 
clearly shown in Fig. [TOT b) for the case the Mn-ion is lo- 
cated at (0.5^0,0). These fourth and fifth levels have the 
Fock-Darwin states (0,1,1/2,-5/2) and (0,0,-1/2,-3/2) as 
their major contributions. When the Mn-ion is located 
at (0.5/o,0) the exchange matrix elements between the 
p orbitals are nonzero which leads to the anti-crossing. 



This is the reason that the corresponding transition en- 
ergy [see Figs. IDJc), (d)] exhibits an anti-crossing be- 
havior at ric = 2.12. The energy gap is closed for the 
case the Mn-ion is located at the center of the QD [see 
Fig. fTOT a)]. This similar behavior takes place at other 
magnetic fields such as: fie — 0.71 [see Fig. [SJa)] and 
fie = 1-15 [see Fig. ini^b)] for the other kind of electron 
transitions: the transition to the final state with negative 
azimuthal quantum number. This is due to the fact that 
around the above magnetic fields there exist two final 
states contributing to the electron transition with their 
wave functions composed of the two major FD states 
(0,-1, 1/2, -5/2) and (0, 0, 1/2, -5/2). This results in a 
smaller region of the magnetic field as compared to the 
previous case around Oc — 2.12. 

Next we discuss the confinement-strength dependence 
of the electron transition first for the case that the Mn- 
ion is located at the center of the quantum dot. We con- 
sider two different values of Sc i-e. 5c = 4 and Sc = ^■ 
The OS curve does not change with changing the confine- 
ment strength while the transition energy is proportional 
to Sc- This scaling is no longer exact if one displaces 
the Mn-ion away from the center of the quantum dot, 
i.e. for Rmu = (13.2^1,0) = (0.5Zo,0), as can be seen 
from Fig. [TT] The transition energies for three different 
Sc — 16, 4, and 1 that are all scaled to the case of 5c = 4 
now exhibit different behaviors as seen in Figs. [TlT a). 
(b), and (c). First, the FM-AFM transition that leads to 
a discontinuity is found at different magnetic fields, i.e. 

= 0.12, 0.25, and 0.3 for Sc = 16, 4, and 1, respec- 
tively. Besides, the anti-crossing point at flc — 2.12 as 
seen already from Fig. [9] is different for different 5c- It 
is now at 2.1, 2.12, and 2.11 for Sc = 16,4, and 1, re- 
spectively. The OS also exhibits different features at the 
above magnetic fields as can be seen from Figs. [T2l a). (b), 
and (c). As the electron is strongly confined, i.e. the case 
of 5c — 16, the wave function becomes strongly localized 
and because the Mn-ion is now located at (0.5Zo,0), that 
is far enough from the center of the dot, the exchange in- 
teractions between the p-electron and the Mn-ion reduce. 
Consequently, the effect of the e-Mn-ion interaction on 
the CR-lines results in several anti-crossings in the tran- 
sition energy (crossings in the OS) as can be seen from 
Figs. fTTT a) and [T^ a). The branches I and II in all six fig- 
ures from Fig. [TlT a) to Fig. [T2l c) refer to the transitions 
of the electron from the OS to the final states which have 
the FD states (0,-1,1/2,-5/2) and (0,1,1/2,-5/2) as 
the major contributions, respectively. 

We now explore the magnetic ion position dependence 
of the OS within a large range of Rmu- We real- 
ize that at high magnetic field, the single-energy states 
"convert" to the Landau levels with the Landau indices 
Nl = n + ^^"^''^^ . We focus now on the high mag- 
netic field transitions for different positions of the Mn-ion 
and different confinement strengths. As an example see 
Fig. [T31 where at high magnetic field, e.g. fie = 4, the 
electron transitions are mainly between the GS to the sec- 
ond (solid) and the ninety-seventh (dotted) level, the up- 
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FIG. 13: (Color online) (a) The logarithm of the OS and (b) 
the transition energy vs. the position of the magnetic ion at 
magnetic field f2c = 4 for confinement strength Sc = 4. Solid 
and dotted lines are, respectively, the contributions from the 
second and the ninety-seventh level as the main contributions 
to the electron transitions to the two p orbitals. 



FIG. 12: (Color online) Oscillator strength with I, II, III, and 
IV each time indicating the four main transitions [two in (a)] 
corresponding to the four (three) branches in Fig. 1111 



Fock-Darwin state (0,-1) dominant, increases to unity. 
Therefore, the smah-contribution branches in the OS 
curve plotted in Fig. [T^Ta) can be neglected in experi- 
mental measurements. 



per part (dotted) of the OS curve oscillates and exhibits 
a maximum in case the Mn-ion is at the center of the 
dot. In the latter case we have the largest contribution 
of the exchange energy to the total energy as compared to 
the other positions. Note also that if one keeps increas- 
ing the magnetic field, the small-contribution branches 
(dashed, dash-dotted, dash-dot-dotted, and short-dashed 
corresponding to the 5*'*, 98*'', 101^*, and 105*'' level, 
respectively) in the OS curve, which are generally only 
about 2 — 5% of their dominant branches (solid and dot- 
ted), become smaller. In the extremely high magnetic 
field limit, the first electron transition, namely to the en- 
ergy level with the Fock-Darwin state (0, 1) dominant, 
becomes zero making the transition to the level with the 



To complete this study we will examine the 
confinement-strength dependence of the electron tran- 
sition for various positions of the Mn-ion. It is under- 
standable that for a stronger confinement, the electron 
becomes more localized resulting in a shifting of the OS 
curve to a smaller Rmu- This is shown in the OS be- 
havior in Fig. I14f a) where the thinner OS curve (with 
six components) corresponds to the larger confinement 
strength Sc = 4. For less confined system (smaller value 
of Sc i-e. Sc — 1), the small-contribution branches are 
more expanded. With increasing Rmu , the problem con- 
verts to the problem without a magnetic ion. The small 
branches gradually disappear resulting in the saturation 
of the oscillator strength and transition energy for very 
large values of Rmu- 
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FIG. 14: (Color online) (a) The logarithm of the OS and (b) 
the transition energies of the same QD as plotted in Fig. [13] 
but for two different confinement strengths Sc = 4 (six red 
thinner curves) and Sc = 1 (six cyan thicker curves). The 
final levels with the same relative position in the OS and two 
energy spectra (for two different Sc) have the same style of 
line. 



V. DISCUSSIONS. 

We studied the CR transition properties of a Mn?^- 
doped quantum dot containing a single electron confined 
by a parabolic potential in the presence of magnetic field. 
The transition energies and the oscillator strength were 
obtained for different positions of the magnetic ion with 
different confinement strengths. 

As compared to the usual quantum dot (see e.g. 
Refi^-) without a magnetic ion, new transition frequen- 
cies are found to be allowed. These new transitions are 
due to the presence of the spin exchange interaction of 



the electron with the Mn ion which mixes the Fock- 
Darwin orbitals. Furthermore, the energy spectrum ex- 
hibits many anti-crossings of energy levels that arc not 
present in the usual single-electron parabolic quantum 
dot system. 

At small magnetic fields the electron spin and the mag- 
netic ion spin are parallel which is similar to a FM state. 
With increasing magnetic field a transition takes place 
where the electron spin becomes parallel to the magnetic 
field direction leading to an AFM state. This FM-AFM 
transition exhibits clear signatures in the CR absorption 
spectrum: 1) the CR transition energies are discontinu- 
ous, 2) the oscillator strength of the allowed transitions 
are discontinuous, and 3) the number of allowed tran- 
sitions, i.e. the number of peaks in the CR absorption 
spectrum, is different in the FM and in the AFM states. 
The magnetic field value at which the FM-AFM transi- 
tion occurs depends on the position of the magnetic ion 
and on the confinement strength Sc which also influences 
the CR absorption spectrum. Besides, the anti-crossings 
in the energy spectrum, which are due to the spin-spin 
exchange interactions, result in anti-crossings in the tran- 
sition energies and at the same time crossings in the os- 
cillator strengths. This is due to the fact that around 
these anti-crossings (in the energy spectrum), there are 
competitions between two energy levels as the major con- 
tribution to the electron transition. Both of these energy 
levels contribute about 40 : 60% or 50 : 50% to the tran- 
sition e.g. from the GS to the p state with positive or 
negative azimuthal quantum number. The number and 
the positions of these anti-crossings (crossings) change 
with changing the Mn-ion position and Sc- 

At high magnetic field where the energy levels "con- 
vert" to Landau levels, we obtained the magnetic- ion- 
position dependence of the CR-lincs for different confine- 
ment strengths and investigated it for increasing confine- 
ment strength. The electron transition to higher energy 
levels exhibits an oscillatory behavior as function of the 
position of the magnetic ion. However, there is one par- 
ticular ion position, i.e. the center of the quantum dot, 
where the OS is independent of the confinement strength. 
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